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Abstract: In this article, a novel control method is proposed for feedforward compensation of
hysteresis non-linearity in various frequency ranges. By integrating a multirate hysteresis
compensator controller with PID feedback control, a combined controller is developed and
experimentally validated for a piezoelectric micro-positioning system. Piezoelectric materials
show non-linear hysteresis behaviour when they experience an electrical field. A fundamental
study of a piezoelectric actuator (PEA) shows that the hysteresis effect deteriorates the tracking
performance of the PEA. This paper presents a non-linear model which quantifies the
hysteresis non-linearity generated in PEAs in response to the applied driving voltages. The
tracking control method is based on multirate feedforward control. The proposed multirate
control method uses an inverse modified Prandtl–Ishlinskii operator to cancel out hysteresis
non-linearity. The controller structure has a simple design and can be quickly identified. The
control system is capable of achieving suitable tracking control and it is convenient to use and
can be quickly applied to practical PEA applications. Experimental results are provided to verify
the efficiency of the proposed method.
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1 INTRODUCTION
The properties of piezoelectric actuators (PEAs) such
as their ability to directly convert electrical energy
into mechanical energy and low power requirements
allow their use in sub micrometre positioning
systems [1]. Such systems are of interest due to their
rapid response times (generally only microseconds).
Also, PEAs have no moving parts in contact with
each other to limit the resolution. Thus PEAs show
no wear and tear effects that normally causes a
decrease in life time and precision. Heavy duty PEAs
can move or operate under high loads of up to
several tons. These advantages make them suitable
for electromechanical applications. Currently, there
is considerable interest in the use of piezoelectric
and ferroelectric materials in scientific and engineer-
ing applications. Examples include active vibration
control [2], needle-valve actuation in precision
machining in [3], atomic force microscopy (AFM)
[4], and cell manipulation in medical technology [5].
However, PEAs suffer from the serious disadvan-
tage of non-linear hysteresis behaviour which leads
to tracking errors. Thus, hysteresis behaviour as a
function of applied driving voltage is one of the most
critical fields in the modelling of PEAs. The hyster-
esis is not a differentiable and neither can a one-to-
one non-linear mapping approach be applied. The
system can be considered to be a non-linear
operator with a local memory. This means that the
output of the system depends not only on the
instantaneous input value but also on the history
of its operation. This is especially true for the case of
returning values [6]. The non-linear hysteresis effect
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compensated by hysteresis modelling. However,
charge control is inherently bulky, costly, uncom-
mon, and offers limited sensitivity. It may lead to
drift and saturation problems and reduces the
operating range and life of PEAs [7]. Consequently,
hysteresis modelling strategies for PEAs prove to be a
more promising, economic, and a commercially
acceptable control method.
Many investigations have been performed to
model the dynamics of PEAs [2, 8]. To achieve a
precise tracking control in a PEA system, a model-
based controller design is necessary, particularly in
open-loop operation. The model should represent
the PEA behaviour perfectly.
Different models of the hysteresis have been
proposed in the literature. The hysteresis models
can be divided into mathematical and non-linear
differential models. The Preisach model [4, 9, 10],
the Prandtl–Ishlinskii model [11], and the Maxwell
slip model [12, 13] are examples of mathematical
models. The Duhem model [14] and the Bouc–Wen
model [15] are examples of non-linear differential
models. In practice, differential models are more
sensitive to measurement noise.
A comprehensive model of a PEA should account
for the inherent hysteresis behaviour of the piezo-
electric material. The aim of the present study is to
compensate the hysteresis non-linearity and the
effect of mechanical loading on PEA behaviour. In
this paper multirate sampled-data control of PEA
systems is considered. The control process sampling
rate is faster than the control update rate. The
hysteresis is modelled using a Prandtl–Ishlinskii
operator. It uses a multirate scheme to produce a
desired control input without inversing the Prandtl–
Ishlinskii (P–I) operator. The P–I operator, while
being able to accurately model the hysteresis
behaviour of a PEA, has one major inadequacy: the
inverse of the operator does not exist when the slope
of the hysteretic curve is not positive definite [16].
The proposed approach combines feedforward in-
verse control with a PID controller to ameliorate the
tracking of the PEA especially in the presence of
variation in the input (rate) frequency. The PID
feedback modifies the hysteresis model error in
situations where the real hysteresis loop is affected
by external effects such as mechanical loading.
2 RELATED WORK
Croft applied an integrated inversed approach to
compensate the three adverse effects of creep,
hysteresis, and vibration using AFM [4]. A Preisach
model was used to model the hysteresis behaviour
and a linear high-order spring–damper model was
applied to model the creep and vibration of PEA.
Bashash and Nader presented an on-line estimation
strategy based on perturbation estimation [18]. A
non-linear model was used with time-varying coeffi-
cients to approximate the hysteresis non-linearity in
the PEA. Sliding mode control was used to achieve
insensitivity against parameter uncertainties. Shieh
et al. extended the LuGre friction model to represent
the motion dynamics of a PEA system [19]. An
adaptive displacement tracking control was pro-
posed with the parameter adaptation of a parame-
terized hysteresis function. However, chattering
effects were created when the frequency or ampli-
tude of the input was increased.
Preisach models and first-order reversal curves
have been extensively utilized to approximate the
non-linearity of the hysteresis. The Preisach model
needs a large experimental database and a time-
consuming parameter estimation procedure. Also,
considerable computation efforts are required dur-
ing the control process [4, 9, 10]. In the Maxwell slip
model, the hysteresis is approximated by using
motion dynamics. It is constructed in terms of a
force applied to one set of massless bodies parallel to
the springs. In this model, relationships are in terms
of the applied force, spring constants, and break
forces to determine the hysteresis dynamics. The
critical number of the springs and mass-free bodies
necessary for accurate hysteresis estimation are very
difficult to determine [12].
Hu and Ben Mrad [9] used experimental results to
show that the classical Preisach model offers
excellent modelling accuracy. This occurs when the
actuator is subjected to an excitation voltage signal
at a low frequency without any load. The accuracy of
the Preisach model is shown to rapidly deteriorate as
the applied load is increased or the range of
frequencies contained in the voltage excitation
signal gets wider. However, the classical Preisach
model remains a good model for PEA hysteresis in
applications where the load fluctuation is relatively
small and the range of frequencies in the excitation
is limited. Therefore, the classical Preisach model
can be potentially used when the variation in the
load applied to the actuator is small or when the load
applied to the actuator itself is small. This is the case
in numerous applications such as those in [4], [14],
and [20].
The polarization in PEA is affected by both the
applied voltage and external forces. When an
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the expansion of the PEA depends on the stiffness of
the piezoelectric material and the change in remnant
strain (caused by the polarization). PEAs produce an
electrical response (charge) when mechanically
stressed in dynamic operations such as imprint
applications. The induced charge affects the driving
voltage. Hence, there have been numerous studies
which consider external load in hysteresis models of
PEAs for dynamic measurement in simultaneous
sensing, actuating, and precision positioning in
machining [17, 21]. An external mechanical load
affects the inclination of the voltage-to-displace-
ment hysteresis curve in PEAs. The effect of the load
on the voltage-to-displacement curve clearly in-
creases as the load increases [17, 22]. Electromecha-
nical models of PEAs have a prominent role in
open-loop operations. They are less significant in
close-loop controller models.
Georgiou and Ben Mrad [12] demonstrated an
electromechanical model for PEAs. It utilized the
Maxwell slip model to represent the hysteretic non-
linearity of the PEA. The non-linear voltage-to-
charge properties of the PEA were represented by
a series of voltage-limited capacitors. The model
contained five parameters and required experiments
to be performed to determine parameter values. A
first-order differential equation has been used to
describe the hysteresis effect and a partial differ-
ential equation (PDE) to describe the mechanical
behaviour of the PEA in [8]. However, there is no
experimental result for this model. Furthermore it
seems difficult to design a tracking control system
based on the proposed model.
Bashash and Nader proposed a model by integrat-
ing a modified P–I hysteresis operator with a second-
order linear dynamics [23]. A reference model was
obtained for both open-loop and closed-loop control
techniques. This was used with an inverse feedfor-
ward controller to achieve trajectory tracking control
in a PEA.
3 MODELLING OF PEAS
3.1 Dynamic modelling of PEAs
The hysteresis effect observed for PEAs in the
presence of an applied electric field is the main
drawback in precise positioning applications. There-
fore, the development of a dynamic model which
describes the hysteresis behaviour is very important.
Second-order linear dynamics have been previously
utilized to describe the system dynamics. As shown
in Fig. 1, this model combines mass-spring-damper
ratio with a non-linear hysteresis function appearing
in the input excitation to the system.
The following equation defines the model
ms€ x xs t ðÞ zbs_ x xs t ðÞ zksxs t ðÞ ~HF vt ðÞ ðÞ ð 1Þ
where xs(t) is the salve position, ms, bs, and ks are
mass, viscous coefficient, and stiffness respectively,
HF(v(t)) denotes the hysteretic relation between
input voltage and excitation force.
PEAs have very high stiffness values, and conse-
quently possess a very high natural frequency. In
low-frequency operations, the effects of actuator
damping and inertia can be safely neglected. Hence,
the governing equation of motion is reduced to the
following static hysteresis relation between the input
voltage and actuator displacement
xt ðÞ ~
1
ks
HF vt ðÞ ðÞ ~Hx vt ðÞ ðÞ for
ms€ x xs t ðÞ %bs_ x xs t ðÞ %ksxs t ðÞ ð2Þ
Equation (2) facilitates the identification of the
hysteresis function HF(v(t)) between the input
voltage and the excitation force. This is performed
by first identifying the hysteresis map between the
input voltage and the actuator displacement,
Hx(v(t)). It is then scaled up to ks to obtain HF(v(t))
ms€ x xs t ðÞ z±bs_ x xs t ðÞ zksxs t ðÞ ~ksHx vt ðÞ ðÞ ð 3Þ
3.2 The P–I operator
In this section hysteresis modelling using the P–I
operator is described. This model can be used to
accurately approximate the hysteresis loop and its
inverse can be obtained analytically which facilitates
inverse feedforward control design.
Fig. 1 Piezoelectric actuator equivalent dynamic
model
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There is a backlash operator in the P–I hysteresis
model (Fig. 2) that is defined by
yt ðÞ ~Hr x,y0 ½  t ðÞ
~max xt ðÞ {r,min xt ðÞ zr,yt {T ðÞ ½  fg ð4Þ
where x is the control input, y is the actuator
response, r is the control input threshold value or
the magnitude of the backlash, and T is the sampling
period. The initial consistency condition of equation
(4) is given by
y 0 ðÞ ~±max x 0 ðÞ {r,min x 0 ðÞ zr,y0 ðÞ ½  ð 5Þ
where y0 is usually, but not necessarily, initialized to
zero. Multiplying the backlash operator Hr,b ya
weight value wh, the generalized backlash operator is
obtained
yt ðÞ ~whHr x,±y 0 ½  t ðÞ ð 6Þ
The weight wh defines the gain of the backlash
operator and may be viewed as the gear ratio in a
gear mechanical play analogy. Complex hysteresis
non-linearity can be modelled by a linear weighted
superposition of many backlash operators with
different threshold and weight values
yt ðÞ ~wT
hHr x,y0
  
t ðÞ ð 7Þ
where
Hr x,y0
  
t ðÞ ~ Hr0 x,y00 ½  t ðÞ ...Hm x,y0n ½  t ðÞ ½ 
T ð8Þ
with the weight vector wT
h~ wh0 ...whn ½  , the thresh-
old vector r5[r0 … rn]
T where 05r0,…,rn and
the initial state vector y05[y00 … y0n]
T. The control
input threshold values rn are usually chosen to be of
equal intervals between the maximum and mini-
mum of PEA displacement.
3.2.2 Modified P–I operator
The P–I operator inherits the symmetry property of
the backlash operator about the centre point of the
loop formed by the operator. The fact that most real
actuator hysteretic loops are not synonymic weakens
the model accuracy of the P–I operator. To overcome
this restrictive property, a saturation operator is
combined in series with the hysteresis operator. A
saturation operator is a weighted superposition of
linear-stop or one-sided dead zone operators. A dead
zone operator is a non-convex, non-symmetrical,
and memory-free non-linear operator given by
Sd x ½ t ðÞ ~
max xt ðÞ {d,0 ½  dw0
xt ðÞ d~0
 
zt ðÞ ~wT
s|Sd y ½ t ðÞ ð 9Þ
where y is the output of the hysteresis operator and z
is the actuator response. wT
s~ ws0 ...wsn ½  , is the
weight vector, Sd[y](t)5[Sd0[y](t)…Sdm[y](t)] With
the threshold vector d
T5[d0 … dn]
T 05d0
,…,dm.
Thus, the modified P–I operator is defined as
follows
zt ðÞ ~Hx t ðÞ ~wT
s|Sd wT
h|Hr x,y0
     
t ðÞ ð 10Þ
di is usually chosen to have equal intervals between
the maximum and minimum of the hysteresis
operator output.
3.2.3 The inverse P–I operator
The inverse P–I operator is given by
H{1
x xd ½  t ðÞ ~w’
T
hHr’ w’
T
h:Sd’: xd ½  y’0
  
t ðÞ ð 11Þ
Cascading the inverse hysteresis model with the
actual hysteresis model gives the identity mapping
between the control input xd(t) and the actuator
response x(t)
xt ðÞ ~Hx H{1
x xd t ðÞ ½ 
  
ð12Þ
The inverse model parameters can be calculated
analytically as follows Fig. 2 The backlash operator
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wh0, w’ s0~1=ws0 ð13Þ
w’ hi~
{whi
Pi
j~0 whj
   Pj{1
j~0 whj
   , i~1,...,n ð14Þ
w’ si~
{wsi
Pi
j~0 wsj
   Pj{1
j~0 wsj
   , i~1,...,n ð15Þ
r’ i~
X i
j~0
whj ±ri{rj
  
, i~0,...,n ð16Þ
d’ i~
X i
j~0
wsj di{dj
  
, i~0,...,m ð17Þ
y’ 0i~
X i
j~0
whjy0iz
X n
j~iz1
whjy0j, i~0,...,n ð18Þ
After setting the threshold parameters r and d as
described in the previous section, the weight para-
meters wh and ws are estimated by performing a
least square fit of equation (10). Graphically, the
inverse is the reflection of the resultant hysteresis
loop about the 45u line.
3.3 Identification of the hysteresis model
In this section the method for the identification of
the hysteresis between the input voltage and the
actuator displacement as defined by equation (10) is
described. Weighting parameters are identified using
the least-square optimization technique for error
minimization. Static hysteresis is identified using a
quasi-static triangular input. Appropriate values for
the order of the backlash operator n, saturation
function m, and threshold vectors r and d are
selected for correct approximation of the hysteresis.
The values for n and m can be set as 25 and 15
respectively.
Figure 3 refers to the estimated hysteresis loop
using the P–I model compared to the actual hyster-
esis of the PEA. Identification of the P–I parameters
is performed for the measured actuator response
subjected to 100V peak-to-peak sawtooth control
input with frequency of 0.5Hz.
4 CONTROLLER DESIGN
4.1 Feedforward hysteresis compensation
The structure of the inverse feedforward hysteresis
compensation is shown in Fig. 4. The key idea of an
inverse feedforward controller is to cascade the
inverse hysteresis operator H{1
x with the actual
hysteresis. This is represented by the hysteresis
operator Hx to obtain an identity mapping between
Fig. 3 Estimated hysteresis loop using P–I versus experimental result
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response x(t).
The inverse P–I operator H{1
x uses xd(t) as its input
and transforms it into a control input vH{1
x t ðÞwhich
produces x(t) in the hysteretic system that closely
tracks xd(t).
4.2 Multirate control
To deal with the influence of P–I identification error,
a feedback control is utilized. The multirate output
feedback (MROF) concept consists of sampling the
control input and sensor output of a system at
different rates [24]. Dabroom and Khalil [25]
implemented an output feedback controller that
was designed under continuous-time state feedback.
A discrete-time high-gain observer was used to
estimate the system states. Ahrens and Khalil [24]
used a MROF control scheme for a class of non-
linear systems based on discrete-time high-gain
observers. The stability of a system under sampled
data output feedback was studied. This was done
while the control rate was fixed by the sampled data
state feedback design and the output sampling rate
was faster. This paper is motivated by applications to
PEAs that utilize a computationally demanding
control structure including hysteresis inversion
algorithms [8]. Furthermore, a tracking control
method that is based on a multirate feedforward
approach has fewer difficulties in measuring the
system states of the PEA. The block diagram shown
in Fig. 5 schematically represents the multirate
control strategy for a PEA.
A multirate feedforward control approach is
considered to update the feedforward input of a
two-degree-of-freedom control system at a rate N-
times faster than the output measurement sampling
rate. The feedback loop of the system is closed at the
measurement sampling rate.
This method was proposed in [26] along with
frequency domain interpretation of the improve-
ment attained by the higher rate update of the
feedforward input. Since the higher updating rate is
applied to the feedforward input, the scheme does
not influence the stability of the feedback loop
system. Moreover, the fast feedforward scheme
cancels out hysteresis non-linearity. Therefore, a
PID controller is used for appropriate response of a
second-order linearized system described by equa-
tion (3). The asymptotic convergence of the plant
output to the desired output signal utilizing this
scheme, was proved in [27].
5 EVALUATION AND EXPERIMENTAL RESULTS
The proposed strategy was investigated by a set of
experiments on a Physik Instrumente nanoposition-
ing stage with high resolution strain gauge position
sensor.
The multirate control structure was modelled in
Simulink. It was then compiled and loaded into a
data acquisition controller board (dSpace1104) to
produce the desired control input. Then, the control
input was applied to the piezo stage via its amplifier.
The displacement of the piezo stage was measured
and fed back via a strain gauge sensor. To close the
loop, a PID controller was used as a sampled data
controller in parallel with the hysteresis compensa-
tion operator as shown in Fig. 5. In order to
Fig. 4 The feedforward inverse control
Fig. 5 Block diagram of multi-rate feedback/feed-
forward control strategy for PEA
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effects, Fig. 6 depicts tracking of the system using a
feedforward inverse control. Figures 7 and 8 com-
pare the response of a single-rate PID controller
with a constant sampling period of 0.001s, against
the response of the multirate controller for which
by considering N510 the period of fast rate was
Tf5T/1050.0001s.
As can be clearly seen from Figs 6 to 8, the
multirate controller with the more accurate hyster-
esis estimation, was able to achieve more accurate
tracking. The tracking errors shown in Figs 6 and 7
show that the feedforward multirate controller per-
forms more accurate than the single-rate PID
controller. Figure 9 compares the error signals for
the three control approaches. Table 1 lists the
measured performance of the PID and multirate
controllers in tracking a sinusoidal input.
In higher frequency trajectories as shown in
Fig. 10, the plant output remains closer to the
desired output by increasing the frequency of
updating the feedforward control input.
6 CONCLUSIONS
A multirate sampled-data controller is proposed for
the control of PEAs. A multirate feedforward inverse
control approach is considered to update the
feedforward input of a two-degree-of-freedom con-
trol system. It operates at a rate N-times faster than
the output measurement sampling rate. This scheme
cancels out hysteresis non-linearity and does not
influence the stability of the feedback loop system.
Experimental results on a PEA demonstrate that the
proposed scheme is more accurate in tracking than a
Fig. 6 Multiple frequency trajectory tracking result for feedforward inverse control
Fig. 7 Multiple frequency trajectory tracking result for single-rate PID control
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Fig. 9 Error signals
Fig. 10 Multiple high-frequency trajectory tracking result for multirate-PID/feedforward control
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frequency trajectory tracking was improved by using
the proposed new controller structure. The quick
and simple identification procedure of the proposed
controller structure makes it convenient and valu-
able in PEA practical applications.
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